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PREFACE

Tais paper is an extract from a larger body of writing (a monograph) pre-
pared by the author on the subject of "Autamatic Processing of Rawinsonde Obser-
vations," designed to indicate the mathematical and physical relationships,
together with the relevant procedures, governing the evaluation of the rawin-
sonde observations. Underlying that monograph was the assumption that an
observer determines the temperature, pressure, relative humidity, and time
corresponding to the significant levels selected by him from the radiosonde
data recorded for the sounding, and that generally an autamatic means is pro-
vided for recording the simultaneously observed radar data, including the
slant range, elevation angle, and azimuth angle at the end of each whole minute
of the sounding or at prescribed fractions of a minute.

The present paper deals with the mathénatical and physical relationships
which may be used for calculating the "precipitable water" pertaining to a
delimited air column.
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CAICUIATION OF PRECIPITABLE WATER

L. P. Harrison

ABSTRACT

Two methods of calculating precipitable water are given in terms of data
obtainable from a radiosonde or rawinsonde observation. Method I is based on
the premise that aqueous vapor pressure (or dew point) and temperature are re-
ported fdr determined geopotentialflevels or geometric altitudes with refer-
ence to mean sea level; while Method II is predicated on the basis that
aqueous vapor pressure (or dew point) is reported for respective specified
barometric pressure levels whose geopotentials are computed by means of the
data obtained in the sounding. Thus, under Method I the precipitable water
is calculated by numerical integration such that the variable of integration
is either geopotential or geometric altitude, and under Method IT it is cal-
culated by such a procedure that the variable of integration is pressure. In
either case one may choose to assume arbitrarily that the acceleration of
gravity g is constant, thus implicitly giving rise to a small systematic error;
or one may treat the problem in a more accurate manner by taking g as a known
function of latitude and geopotential (or geometric altitude). Procedures
covering all of these alternatives are presented. In practically all actual
situations dealt with here, the function which is subject to numerical inte-
gration is nonlinear with respect to the variable of integration which, itself,
is generally given for unequal intervals. Explicit numerical integration
formulas are presented to cope with these situations. In order to operate
with a reasonable degree of simplicity under such circumstances, we have de-
signed the formulas to apply effectively as curve-fitting devices to cases
involving either three or four consecutive points of the sounding. These
points may refer to significant levels or mandatory (constant—preSSure) levels
which are evaluated for the sounding and are generally interwoven. By adding
the cumulative contributions of water vapor content from progressively higher
"partial columns" based on the aggregate due to three or four such consecutive
points of the sounding, one can compute the total precipitable water for deep

atmospheric columns.



1. INTRODUCTION

To envisage the concept of “precipitable water," it is desirable to con-
sider all of the water vapor in a vertical column of atmosphere having a small
cross section, with the base of the column on the earth®s surface at a pre-
scribed geographic location and the top at a specified level either in the

free air or at the top of the atmosphere.

By definition, the "precipitable water," denoted by W in general, repre-
sents the depth of liquid water which would be deposited on the horizontal
base of the specified vertical column of atmosphere if all of the water vapor

held within the column were condensed and precipitated out.*

Where the vertical column of atmospheric air contains hydrome teors (such
as cloud or fog particles, raindrops, snowflakes, sleet pellets, hailstones,
etc.), the calculation of W is based on the assumption that at whatever level
hydrometeors exist they are replaced by moist air having a concentration of

water vapor equal to that within the spaces between them.

We must emphasize that the data obtained from radiosonde observations do
not actually refer to a vertical column as specified by the definition of
Precipitable water. The geographical coordinates of the station from which
the radiosonde is released, where ¢ = latitude and )&: longitude, also are
assumed to be the geographic coordinates of the points in free air at which
the moisture and other physical properties of the atmosphere are observed.
But during the course of the sounding the probing device has a sloping and
generally curved trajectory. In effect, the vertical column must be -imagined
as replaced by a filament whose axis coincides with the trajectory of the
radiosonde and whose horizontal cross section is circular. Thus, the precipi-
table water W, calculated from the available data, represents a sampling
through the filament extending from the launching station to the point in the

*To obviate any misunderstanding, it will be stated that "precipitable water'
does not include any liquid or solid water originally suspended or falling in
the vertical column of atmosphere under consideration. Thus, W excludes the
liguid or solid water content of clouds, fog, hail, rain, sleet, snow, etc.
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free air where the trajectory of the balloon intersects the prescribed level.

(say 500 mb) at the top of the assumed vertical column.

With this clarification in mind, we shall hereafter refer only to the
vertical column. One may imagine the horizontal cross-section area, Ac’ of
the vertical column as having a particular value. For exanmple, Ac =l m2 at

the earth?!s surface.

Also, it is desirable that the symbol W have appended subscripts to indi-~
cate the levels of the lower and upper limits of the vertical column. In the
notation adopted here (see list of symbols on page 10) the first subscript re-
fers to the lower limit where s indicates "surface" and the second refers to
the upper limit, usually in terms of the pressure at the top of the column.
For example, Ws,5 = precipitable water relating to a vertical column whose
base is at the earth's surface and whose top is at the 500-mb constant pres-
sure level; Ws,o - the precipitable water relating to a vertical column whose

base is at the earth's surface and whose upper limit is at the top of the at-

mosphere where the barometric pressure is equal to zero.

There are many applications for the ligquid-depth equivalent of the water
vapor content of a vertical column of atmospheric air where both limits of the
column are in free air. The liquid-water depth equivalent for such a column
will be termed the "partial precipitable water” denoted by W, with subscripts
to indicate the lower and upper limits, usually in terms of the barometric
pressures at those limits. For example, W,?,5 = the water-depth equivalent of
the water vapor in the vertical column of atmospheric air whose base is at the
7oo-mb level and whose top is at the 500-mb level; similarly, W85’5 = the
water-depth equivalent of the water vapor contained in the vertical column of
atmospheric air whose base is at the 850-mb level and whose top is at the
500-mb level. Thus, 'partial precipitable water" is related to "precipitable

water," as illustrated by the following examples:

i LIP3
Wgs 5 = (Vg 5= ¥y g5)

= W
Ys,5 W5 ,65 * Ves,7 * 7,5’



Two methods of calculating the precipitable water will be treated in this
report; we shall refer to them as "™Method I" and "Method II." 1In Method I we
consider that at any given geopotential H or corresponding geometric altitude
Z within the vertical column of atmospheric air there exists an aqueous vapor
pressure e and a temperature T, such that their ratio e/T governs the abso-
lute humidity ﬁ Hence, in Method I one can compute W by integrating the
absolute humidity /3 with respect to geometric altitude Z or by integrating
the ratio /3Vg with respect to geopotential H, where g = acceleration of
gravity. In Method ITI consider that at any given pressure P within the verti-
cal column of atmospheric air there exists an aqueous vapor pressure e, such
that the ratio e/P governs the specific humidity q. Hence, in Method II one
can campute W by integrating the ratio q/g with respect to pressure P. Mathe-
matical derivations supporting the foregoing statements and developing inte-
gral formulas for W are presented in annex 1. The denominator of the integrand
involves the acceleration of gravity g because g is entailed in the relation-
ship between Z and H. This relationship and others theoretically relevant to

the problem are presented in annex 2.

The integral formulas representing W based on Method I are summarized on

pp. 15-17, and those based on Method II are summarized on pp. 18-20.

Some procedures for the numerical integration of the above-mentioned
formulas are outlined on pp. 21-36. These procedures are designed for cases
where the spacing of abscissas pertaining to given adjacent ordinates is un-
equal. Integration techniques for non-equal spacings are Jjustified because
the data for both significant levels and constant pressure levels will be

used.

Routine forecasting at time of writing calls for determination of the
value of ws,55 that is, the precipitable water in the vertical column extend-
ing from the surface to the 500-mb level. Within this range the mean value
of the acceleration of gravity over the globe is around 9.8 m/sec2 * 0.03 m/sec2
(see annex 2). Thus if, in calculating WS,5’ one assumes that g in the denom-
inator of the integrand has the constant value 9.8 m/secg, the relative error
will not exceed about 0.3 percent, which is about one order of magnitude

smaller than the relative error in the observed relative humidities. This



will justify the conventionally made assumption that g is constant.

The integral formulas for computing W, shown in secs. L4 and 5, present
alternative forms with respect to the treatment of g; that is, one formula in-
dicates how g enters the problem which becomes fairly complex when g is treated
as a variable, and another formula indicates how the problem is simplified when
one assumes that g = constant, based on an average value of the acceleration
of gravity over the range of altitude and latitude encountered in normal oper-
ations. The information contained in annex 2 shows how g can be evaluated as
a function of latitude and geopotential, for application in calculating W
while taking g as a variable under the integral sign. The contingency of tak-—
ing g as a variable must be allowed for should it ever be necessary to calcu-
late W pertaining to a vertical column from the surface to an altitude much
higher than the 500-mb level. For such a contingency or for ascertaining the
error from assuming a constant value of g, the material in annex 2 will be
useful.

Brief Review of Literature

When the vertical coordimate is height above sea level, it is matural to
campute the precipitable water by integrating the absolute humidity (concen-
tration of water vapor) with respect to height. This procedure was followed
by Harrison (1931) [311, who published seasonal mean values of the water-depth
equivalent of the water-vapor content of the atmosphere over the United States
east of the Rocky Mountains.

When, however, the vertical coordinate 1s pressure, it is matural to cal-~
culate the precipitable water by integrating the specific humidity with respect
to pressure. A formula for computing precipitable water on this basis was
derived by Solot [99]. Haltiner and Martin [301 have presented a brief, es-
sentially similar derivation. The problem was also discussed by Goldschmidt

[27].

Tables to facilitate the calculation of precipitable water, especially
for the case of a saturated pseudo-adiabatic atmosphere, were prepared by the
Hydrometeorological Section of the Weather Bureau [11]. Showalter [93] devel-

oped a template to permit the determination of precipitable water for layers



between adjacent standard constant-pressure surfaces when the dew-point temper-—
atures observed during a sounding are plotted on a pseudo-adiabatic chart. A
nomogram was devised by Peterson [78] to facilitate the computation of precip-
itable water for layers between the surface and the 850~-, 700~, and 500-mb
constant-pressure surfaces, under the assumption that the dew-point temperature

varies linearly with pressure between those levels.

The total precipitable water in a vertical column extending to the top
of the atmosphere may be aetermined by means of infrared radiation absorption
measurements, using the sun or moon as the radiation source. Among the inves-
tigators who have utilized or discussed this method may be cited Fowle [251;
Kimball and Hand [h3]; Kinball [hEI; Foster and Foskett [23]; Schilepp [891;
Iejay [46]; Vassy [114] Goldschmiat [ 27]- Murcray, Murcray and Williams [62];
McMurry [57]; Alavi-Tejad [2,3]; Foster, Volz and Foskett QMI Gates 26]
King and Parry hh] and Hutcherson 38]

Correlations between precipitable water and water-vapor or other param-
eters observed at the surface, such as the dew-point temperature, have been
studied by Lejay [46]; Montefinale and Papfe [59]; Papfe and Montefinale [73];
Montefinale, Zawidzki and Pap€e [60]; Reitan [87] Bolsenge. [16] smith [97];
and Rao [80].

The diurnal variation of precipitable water was investigated by Alavi-
Nejad (1963) [3] and McMurry [57] using an infrared radiation absorption
technique.

Neumann [64], Solomatina [98] and Tunnell [111] considerea various as-
pects of the diurnal or semi-diurnal variations of water-vapor pressure at
the surface. This problem, with special reference to the Alpine regions under

high-pressure conditions, was studied by Hastenrath [331.

Presentations of seasonal or monthly climatological data pertaining to
precipitable water or relatedIQuantities were given by Harrison (1931) [31];
Shands [92]; Tunnell [111]; Bannon and Steele [6]; Reitan (1960) [85,86];

Starr, Peixoto and Crisi (1965) [104]; Ananthakrishnan, Selvam and Chellappa [4];
Sellers [91]; and Tuller [110]. A special study by Byers [19] relates to the

different vertical distributions of water vapor in arid and humid regions.



Additional data sources are listed in same of the following references.

With particular reference to high-~level, upper-air profiles of water-
vapor content the work of the following investigators may be cited:
Miller [58]; Gutnick [28]; Mastenbrook and Dinger [SM]; Murcray, Murcray,
Williams and Ieslie [63]; Murcray, Murcray and Williams [61,62]; and
Hutcherson [38]. The special problem of the water-vapor content of horizontal,
upper-air paths has been considered by Gutnick [28]; Sissenwine and
Gutnick [95]; and Martin [53].

There have been a considerable number of papers and reports devoted to
various applications of precipitable water, particularly in the fields of
quantitative precipitation forecasting, hydrology, and general circulation.
Many of these publications present such data as monthly or seasonal mean val-
ues of precipitable water, and derived quantities such as meridional and zonal
water vapor transfer, flux divergence of water vapor, and calculated parame-
ters indicating the difference between precipitation and evaporation at the
surface. Because of the range in scope covered by the publications there
exists a great deal of overlap. It is, therefore, difficult to classify all
of the relevant papers and reports into narrow, mutually exclusive, categories.
In what follows we shall endeavor to indicate the principal subjects covered
by the publications to which reference is made:

Quantitative Precipitation Forecasting

Spar [100]; Smagorinsky and Collins [96]; Younkin, Iarue and Sanders [118];
Shuman and Hovermale [94].

Synoptic Applications of Precipitable Water

Neuwirth [65].

Water Vapor Transfer and Flux Divergence

Benton [9,10]; Hutchings [39,40]; Bannon, Matthewman and Murray [5]; Palmdn
and Vuorela [72]; Starr, Peixoto and Crisi [104]; Bock, Frazier and Welsh [15];

Hastenrath [3Y4,35,36]; Rasmusson [82].
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Water Vapor Transfer

Benton and Estoque [12], Starr and White [1.07] Flohn and Oeckel [22]; Starr
and Peixoto [102,103]; Mamabe [51]; Peixoto [74]; Van de Boogaard [113];

Vuorela and Tuominen [115]; Crisi [20]; Bastenrath [36]; Peixoto and Crisi [75];
Peixoto and Obasi [76]; Travelers Research Center [109]; Rasmusson [83].

Flux Divergence

Starr and Peixoto [101]; Nyverg [66,67]; Lufkin [50] Barnes [7] Ferguson and
0'Neill [21] Rasmusson 8l+] |

Hydrology, Evapotranspiration, Water Budget and Difference Between
Precipitation and Evaporation

Benton, Blackburn,and Snead [.L'LI ; Benton, Estoquesand Daminitz [13] ;s Benton
and Estoque [12]; Benton [9,10]; Sutcliffe [108]; Bradbury [17,'13]3 Starr and
Peixoto [101,102,103]; Manabe [51]; Starr, Peixoto and Livadas [105];

Nyvberg [66,67] Lufkin [50]; Wilson [117]; Benton et al. [11]; McDomala [56];
Palmén and Holopainen [70]; vdisdnen [112]; Buff [37]; Mansbe, Smagorinsky
and Strickler [52]; Peixoto and Obasi [76]; Sellers [91]; Palmfn and
Soderman [71]; Pailm€n [69]; Adem '[l]; Rasmussen [81]; Resmusson [82].

Energy Budget and General Circulation

Priestley [79]; White [116]; Starr and White [106]; London [48]; Peixoto and
Saltzman [77] Obasi [68]; Starr and Peixoto [103] Hastenrath 35] Lorenz l+9]
Manabe, Smgorinsky,and Strickler [52]

Cloud Seeding Criterion

Battan [8].

Annotated Bibliography

Miller [58]; Kiss [usl.



2. NOTATION

Presented here is a list of the various symbols employed, together with
specifications, simple definitions, and units relating to them. ALl of the
entities indicated are involved with the theoretical and practical problems of
calculating precipitable water within delimited vertical columns of atmospheric

air.

Under the assumption outlined in the introduction we ascribe the dependent
variables (such as e = vapor pressure, T = temperature, g = acceleration of
gravity, etc.) to. the geographic coordinates (¢,N) of the station, and imply
that the level to which those dependent variables relate is indicated by the
vertical coordinate specified, in terms of the geometric altitude Z, geopoten—
tial H, or pressure P. Thus the vertical coordinate serves as the independent
variable, while the latitude is an assumed constant parameter. Subscript 8
on symbols such as Z, H, P indicates that the data pertain to the surface
(base of column), whereas subscript & indicates that the data relate to the
top of the column. When using this notation we make clear that symbols Zs’
Hs’ Ps represent the vertical coordinate referring to the lower limit of the
column, and that symbols Zt’ Ht’ P. represent the vertical coordinate re-

t
ferring to the upper limit of the column.

The formulas for the calculation of precipitable water W requires mmer-
ical integration which generally involves either H or P as the independent
variable, and with different integrands depending upon whether H or P is used.
Nevertheless, the rules of numerical integration apply precisely in the same
manner to both of these cases; hence we find it advantageous to generalize the
notation employed in such integration. For this reason we use X to represent
the independent variable (H or P), and y to represent the integrand in the
appropriate form depending upon whether H or P is the independent variable.

In terms of the generalized system of coordinates (x, y) employed in the
numerical-integration formulas, the lower limits of the integrals are written
X instead of Hs or PS, while the upper limits of the integrals are written

Xy instead of Ht or Pt'
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The system of units employed includes the meter for 1ength, the gram for
mass, and the second for time. In the final forms of the integral expressions
used for the calculation of W, the;geopotential H is expressed in geopoﬁential
meters (gpm) and the pressure P in millibars. But in the derivation of the
formula for W involving P as the independent variable (see annex 1), P'is
first expressed in the meter-gram-second system and later converted to milli-

bars.

Symbols for the various entities are introduced when they first appear y

and the following list is alphabetical for ready reference:

coefficient in Eq. (5.12), defined by Eq. (5.13).

A =
A = cross section area of vertical column; see Egs. (Al) and (A2).

b = exponent in Eq. (5.6), defined by Eq. (5.7) or (5.8).

B = coefficient in Eq. (5.12), defined by Eq. (5.1k4).

¢ = numerical constant = 0.37802 = 1 - (Mv/Ma); see Eq. (4.3).

C = symbol designating the coefficient of ome of Egs. (3.1), (3.2), (k.1),
or (4.2), whichever is appropriate for the application; see, for
example, Egs. (5.2), (5.5), (5.9), (5.13) - (5.15), and (5.19) -
(5422,

dm = infinitesimal mass of water vapor (see m = mass and dm following Y

D = coefficient in Eq. (5.12), defined by Eq. (5.15). '

e = partial pressure due to water vapor in moist air, in millibars (mb).

E = coefficient in Eq. (5.18), defined by Eq. (5.19).

F = coefficient in Eq. (5.18), defined by Eq. (5.20).

Fi = functional indicator to show that a specified dependent variable (in

this case g) is a function of given independent variables; see Egs.
(B7) and (B9) in annex 2.

F#2a = Eq. (5.5), which is a formula for mmerical integration of precipita-
ble water W in case %here are only two pertinent data points available;
this formula is based on linear interpolation.

F#2b = Eq. (5.9), which is a formula for numerical integration of precipitable
water W in case there are only two pertinent data points available;
this formula is based on an assumed exponential interpolation.

F#2 = a general symbol employed to refer to both Egs. (5.5) and (5.9); the

one deemed to give the best fit may be picked.
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F#3 = Eq. (5.12), which is a formula for numerical integration of precipi-
table water W in case three consecutive data points are used; this
formula is based on lagrangian interpolation.

F# = Eq. (5.18), which is a formula for numerical integration of precipi-
table water W in case four consecutive data points are used; this
formula also is based on lagrangian interpolation.

acceleration of gravity, in m/secg; see Eq.(B2).

(0]
1

8y = a properly weighted, integral mean value of the acceleration of grav-
ity, in m/sec2, taken over the interval from the surface to the top
of the vertical air column whose precipitable water W is being com-
puted; see Egs. (3.3) and (3]

g =05 m2/5602 <gpm = constant = factor involved in the conversion from
geometric altitude Z, in meters above sea level to geopotential H,
in geopotential meters (gpm); see Eq. (AL) in annex 1 and ref. L7
cited in annex 2.

g¢ = theoretical value of the acceleration of gravity, in m/sece, at sea
level at the latitude ¢ of the vertical air column whose precipitable
water W is being computed; see Eq. (B1).

G = coefficient in Eq. (5.18), defined by Eq. (5.21).
H = geopotential, in geopotential meters (gpm).

H_ = geopotential, in gpm, at the location of the base of the vertical air
column whose precipitable water W is being computed.

H = geopotential, in gpm, existing at the top of the vertical air column

for which the precipitable water W is being camputed.

= coefficient in Eq. (5.11).

coefficient in Eq. (5.11); not to be confused with K.

paremeter defined by Eq. (B6) and used in Eq. (B3).

natural logarithm.

coefficient in Eq. (5.11); not to be confused with L.

parameter defined by Eq. (B4) and used in Eq. (B3).

Br—"_'t*?r-?qwu

- mass of water vapor, in grams; see Eq. (ALl).
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dm = differential mass, in grams, of water vapor contained within a hori-

zontal slice of air whose vertical thickness is dZ and lateral boundary
is formed by the (imeginary) vertical, cylindrical wall of the vertical
air column whose precipitable water W is being calculated. That is,
dm represents the differential mass of water vapor content of a disk
of moist air cut horizontally from the above-mentioned vertical air
column, where dZ is the thickness of the disk and Ac is its horizontal
cross section area; see Eq. (Al).

symbol for meter (unit of length); and em. = symbol for centimeter
(unit of length).

coefficient in Eq. (5.18)), defined by Eq. (5.22).

apparent gram molecular weight of clean, dry atmospheric air = 28.96L45
grams /mole .

gram molecular weight of water vapor = 18.01534 grams/mole.

constant = 0.62198 = ratio of molecular weight of water vapor to ap-
parent molecular weight of clean, dry atmospheric air; dimensionless.
total number of data points available in the range fram the surface

to the top of the vertical air column whose precipitable water W is
being computed; thus N is determined by the number of significant
levels and mendatory, isobaric levels, including the levels for the
bottom (ground) and top of the column; see figs. 1 and 2.

any integer determined from expressions like (N - 1)/3 = n,

(N-1)/3 =(n+1/3), and (N~ 1)/3 = (n + 2/3); see table 3, where
N represents the total nmumber of data points available for the mimer-
ical integration when computing W.

barametric pressure; in the final integral expressions representing
W, such as Egs. (4.1), (4.2), (A22) and (A23), the pressure P is ex-
pressed in millibars (mb). The derivation of the relationship for

W in annex A is initially based on the meter-gram-—second system;
hence, in Eqs. (Al4) - (A18) it may be considered that P is expressed
in terms of the unit (gram'm/ma'sec2); see Eqs. (A18) and (Al9).
barometric pressure, in millibars, at the location of the base of the
vertical air column whose precipitable water W is being computed.
barometric pressure, in millibars, at the upper limit of the vertical
air column whose precipitable water W is being calculated.
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specific humidity, in grams of water vapor per gram of -moist air:;
dimensionless; see Eq. (Al6).

coefficient in Eq. (5.17). ,

universal gas constant = 8.31432 x 107 b * 3/mole'°K; see Eq. (AT).
coefficient in Eq. (5.17).

absolute thermodynamic temperature, in degrees Kelvin (°K); see Eq.
(AT).

coefficient in Fa. (5.17).

coefficient in Eq. (5.17).

precipitable water; in the final integral relationships representing
W, such as Egs. (3.1), (3.2). (4.1), (4.2), and the identical expres-
sions derived in ammex 1, the quantity W 1is expressed in terms of the

unit hundredths of an inch of water; however, in the derivations the

value of W is first given in terms of the meter units.

precipitable water (0.0L in.) in the vertical column of atmospheric
air extending from the surface to the 500-mb level.

precipitable water, in 0.0l inch units, in the vertical air column
extending from the surface to the TOO-mb level.

precipitable water, in 0.0l inch units, in the vertical air column ex-
tending from the surface to the 850-mb level.

independent variable used as a general representation of the vertical
coordinate (either H or P) involved as the variable of integration in
the formulas for W, such as Egs. (3.1), (3.2), (4.1), and (4.2); see
table 1 regarding the transformation from H or P to x.

the value of the independent varisble (either H or P) at the surface
at the station where the radiosonde observation is made; hence, X
stands for either HS or Ps’ depending upon whether H or P is the
variable of integration involved in the formula for W.

the value of the independent variable x at the top of the vertical
air column whose precipitable water W is being calculated; hence X,
stands for either H_ or Pt’ depending upon whether H or P is the var-

t
iable of integration involved in the formula for W.

!

values of the independent variable x pertaining to certain data points
intermediate to those relating to the surface (xs) and top (xt) of the
vertical air column; these values serve as limits of the integrals

representing "partial precipitable water." See Eq. (5.3).
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(x5vo)s (xpowp)s (xp,,)5 (25,55)

= four consecutive data points.

=
1

f(x) = dependent variable (see fig. 1) used as a general representa-
tion of the integrand involved in the integral formulas for W, such as
Egs. (3.1), (3.2), (4.1), and (4.2); the integrand y is regarded as a
function f£(x) of the independent variable x as indicated in table 1.
Z = geometric altitude (height above sea level), in meters; see Eq. (Al)
and also Eq. (B3).

Greek

¢ = latitude.
A= longitude.
[P= density of moist air, in grams of moist air per cubic meter (grams/m3).
ﬁ= absolute humidity, that is, vapor concentration or density of water vapor
in the moist air mixture, in grams of water vapor per cubic meter
(grems /m>); see Eq. (AT).
ﬁ = density of liquid water, in grams/m3 , Precipitated at the surface as rain

which determines the depth of precipitable water W; see Egs. (A2) and
(86). |

Subscripts

¢ refers to the cylindrical, vertical air column, particularly in connection
with the cross-sectional area of the column. See Ac'

s refers to the surface at the radiosonde station from which the instrument
is launched. 4

t  refers- to the: top (upper limit) of the vertical air column whose precipi-
table water W is being determined.
refers to vapor of water substance.

w refers to liquid water.
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3, FORMULAS OF METHOD I FOR COMPUTING PRECIPITABLE WATER
According to the theory given in annex 1, the precipitable water may be

computed with the following formula where the acceleration of gravity g is

treated as a variable:

H
t

Wz 8.36( g‘oK (0.0L inch) (g’;)dﬁ (3.1)

sec embegpm

where

W = the precipitable water (expressed in hundredths of an inch) in the verti-
cal column of atmospheric air whose base is at the geopotential of the
surface Hs and whose top is at the geopotential Ht; in which units of HS
and Ht must be consistent with those for H.

- aqueous vapor pressure (mb).

- absolute temperature of the air (°K).

acceleration of gravity (m/secz).

m | 3 0
1l

= geopotential (gpm ).

Annex 2 gives equations permitting one to express the acceleration of
gravity g as a function of the independent variable H (the geopotential to
which the dependent variables e, T, and g relate).

When values of the variables in the specified units are substituted under
the integral sign of Eq. (3.1), the dimensions of the guantity (e/gT)dH exactly
cancel the dimensions of the coefficient (m°r°K/sec2°mb-gpm). After this can-
cellation, there remains in front of the integral the quantity (o0.0L inch)
which represents the dimension chosen for the precipitable water W in the

present instance.

On the basis of the theory presented in annex 1, the precipitable water
may be calculated with the following formula where one assumes that the ac-

celeration of gravity g has the constant value 9.8 m/sec :



t
W o= o.8536_—bf——§‘n)(o.01 inch) (e—-T—>dH (3.2)

H
s

approximately.

The definitions of the terms involved in Eq. (3.2) are the same as those
of the corresponding terms in the text which immediately follows Eq. (3.1).

The treatment of dimensions and units in Eq. (3.2) is amalogous to that
described for Eq. (3.1).

Since Eq. (3.2) was derived fram Eq. (3.1) under the assumption that g
has a constant value equal to 9.8 m/sece, Eq. (3.2) is an appraximation yield-
ing different results from those yielded by Eq. (3.1) as the properly weighted

mean value of g differs fram the assumed constant 9.8 m/sece. The properly

weighted mean value of g, which we here denote by %n’ is defined by the rela-

tionship
Ht t
1 e e
e ——)dH = H .
& (5 () —
H H
8 s )

We can obtain a more accurate result for W than that yielded by Eq. (3.2)

if we use either Eq. (3.1) or that equation revised by the substitution of gm
for g in the denominator.

Eq. (3.3) implies that &, varies with the vertical distributions of (e/T)
and (e/gT), as well as with the latitude § and the lower and upper limits H
and Ht of the integrals. Consequently, at many locations there tends to be a
slight seasonal variation of &n from summer to winter for constant values of
HS and variable values of the other quantities. Even the annual mean value

of g may differ somewhat from 9.8 m/sec2 in many cases.
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The conclusion is that if one chooses to employ Eq. (3.2) in practice it
will be done at some slight cost in accuracy of the final result as compared
with what could be determined on the basis of Egq. (3.1) or the modification
of that relationship based on substituting for g the "best” value of g, pPerti~
nent to the given locality. Estimates of the "best" seasomal and anmal
values »f = may be calculated with the aid of climatological upper-air data.
If it is ever decided to use such values, they should be applied consistently

over the entire radiosonde network in order to realize the gain in accuracy.
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4. FORMUIAS OF METHOD II FOR COMPUTING PRECIPITABIE WATER

According to the theory presented in annex 1, the precipitable water may
be calculated by means of the following relationship where the acceleration of

gravity g is taken as a variable:

W = -~ o7 A N— . i = d , .
2kl 9(sec2.mb)(o 0l inch) = O.37802e7uP (4.1)

where

W = the precipitable water (expressed in hundredths of an inch) pertinent to
the vertical column of atmospheric air whose base is‘at the surface of the
earth where the barometric pressure is PS and whose top lies at the level
where the barometric pressure is Pt; in which units of Ps and Pt must be
consistent with those of P.

e = aqueous vapor pressure (mb).

P = barametric pressure (mb).

g = acceleration of gravity (m/sece).

Annex 2 presents relationships which enable one to express the accelera-
tion of gravity g as a function of the latitude ¢ and the geopotential H which
repfesents the level (height coordinate ) corresponding to the general pressure
P involved as the independent variasble in Eq. (4.1). In order to apply those
relationships, the user must have a table (or chart) representing the one-to-
one correspondence between H and P; that is, for every given value of P per-
tinent to any significant level or constant-pressure surface, the table (or
chart) should indicate the corresponding geopotential H at the specified value
of the pressure P. When performing a numerical integration of Eq. (4.1) for
the case where the values of the independent variable, pressure P, are given
for a series of significant levels and constant-pressure levels, the geopoten~
tials H corresponding to those pressures must be "looked up"” in the table (or
chart). Then the resulting quantities representing the appropriate variable
H can be used as arguments, together with the latitude ¢, in evaluating the

relationships given in annex 2 to calculate the variable values of g required
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in the denominator under the izitegral sign of Eq. (4.1).

In terms of the theory in annex 2, the precipitable water W in hundredths
of an inch may be computed with the following equation where One assumes that

the acceleration of gravity g has the constant value 9.8 m/seca:

t

W o= - 2&.99(—%)—) (0.0 inch) i 09:3780283 4P (+.2)

approximately,

where W, Ps’ Pt’ P and e denote the quantities defined by the same symbols in
the text which immediately follows Eq. (4.1). The millibar is used for the

pressure unit.

Eq. (1+.2) is an approximation because it was derived fram the valid rela-~
tionship Eq. (4.l) under the assumption that g has the constant value
2
9.8 m/sec” .

Now let us define g , "the properly weighted mean value of g," in ac-
cordance with the following relationship:

t t
(_{‘:)/'P RGO Rl f e A e
P P
. .

where

e = 0.37802 = (1 - 0.62198) = constant in which 0.62198 represents the ratio
of the molecular weight of water vapor to the apparent molecular weight
of dry air.

It follows from Eq. (4.3) that g, veries with the vertical distributions
of e, P, and g, as well as with the lower and upper limits P‘5 and Pt of the
integrals. Since the ratio e/P is a function of the pressure P, the geo-
graphical coordinates (¢,l,) and the time, as is known from climatological
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data, the value of &n will undergo a seasomal variation. When Pt = 500 mb,
the annual mean value of &n is approximately equal to 9.8 m/aec2 , but not

necessarily precisely equivalent to 9.8 m/sec2.

By making use of climatological upper air data, it is possible to calcu-
late fram Eq. (4.3) what may be termed "seasomal best values of gm" far each
station or region characterized by uniformity of pressure regime. If such
values of g are substituted for g in Eq. (4.1), the resultant calculated
values of W are likely to be more accurate in general than those camputed on
the basis of Eq. (4.2).
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5. NUMERICAL INTEGRATION BASED ON TWO, THREE
AND FOUR DATA POINTS OF NONLINEAR FUNCTIONS

The relationships expressed by Egs. (3.1), (3.2), (4.1) and (4.2) require
numerical integration of nonlinear, empirically determined functions. These

may be represented symbolically in the general form

¥ = i) (5.1)
where = -
x = the independent variable of the data point;
y = the dependent variable of the data point.

Jn the basis of the observations we shall have available a number of data
points with coordinates such as (xo,yo), (xl,yl), (xz,ye), (x3,y3), ete.
These are illustrated graphically in fig. 1 where it is indicated that, in
general, the spacings between the abscissas of consecutive data points are un-—
equal. On the basis of the foregoing general expression for the empirically
determined functions, the relationships representing the precipitable water W
may be transformed from Egs. (3.1), (3.2), (k.1) and (4.2) to

Xy £
W = C ydx = C f(x)ax (5.2)
XS xS

where
C = a suitable dimensional constant representing the coefficient of the in-
tegral in whichever of Egs. (3.1), (3.2), (4.1) or (4.2) is under con-
sideration. '
x = the value of the lower limit of whichever of those equations is being

evaluated; (this limit refers to the surface or bottom of the vertical
column) .
x = the value of the upper limit of whichever of those equations is being
evaluated; (this limit refers to the top of the vertical column).
y = £(x) = the value of the integrand shown under the integral sigm, depend-—

ing on whichever of the specified equations is involved.
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Examples of curves indicating empirical functions ,» ¥ = £(x),
based on 2-, 3-, and 4-consecutive data points.

%

2
>’, points

4

Xo X,

Y Y| s

Fij. 1



X = the variable with respect to which the integration is performed; it repre-

sents the independent variable (H or P).

The following table indicates the transformation of coordinates and limits,
depending upon the equation involved.

Table 1

Transformation of Coordinates and Limits

Independent Lower Upper
Equation Variable Integrand Limit Limit
No.
X y X Xy
5 H =
(3.1) gl i i
2 —
(3.2) H o Hy H
(k.1) P z P P
g(P - 0.37802¢) 5 %
e
(4.2) P (5 =0.378055) B P

If one uses values derived fram both significant levels and from mamda-
tory, constant-pressure levels as a source for the data points (xo,yo),
(xl,yl), (xe,yz), etc., there will usually be a considerable mmber of data
points in the range from the lower to the upper limit (x g tox t)’ where x
generally refers to the 500-mb level for the top of the vertical column of
atmospheric air whose precipitable water W is being determined. One may fit
e continuous polynamial (such as a power series) or other suitable empirical
function to the data points in order to ascertain an analytical expression for
the function y = f(x) pertinent to each sounding, but this would be exceedingly
cunbersome if the total number N of available data points in the range from
Xy to Xy is relatively large, especially since the spacings between the ab-
scissas x is generally irregular, as illustrated in fig. 1. The vast majority
of radiosonde observations will usually provide at least three data points in
the range from Xg to X £ and many of the observations will provide at least
four date points in this range. Rarely will there be just two data points;
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that is, one pertinent to the surface (at abscissa xs) and the other pertinent
to the 500-mb level when this is taken for the top of the vertical column (at
abscissa xt), with no other available significant levels or mandatory, constant-
pressure levels intermediate to X and Xy o

Owing to the fact that it is feasible to fit a polynamial passing through
either three or four consecutive data points without obtaining unduly cumber-
some expressions, we shall indicate how the desired numerical integrations may
be performed on this basis. Then, in order to evaluate the integral Eq. (5 2)
for cases where the total number N of available data points in the range from
xg to x, is greater than four (4), we shall divide the range from X, tox,
into segments, each consisting of either three or four comsecutive data points.
On this basis the technique of numerical integration derived for the case of
three and four consecutive points, respectively, may be applied to each of the
various segments, as will be appropriate, depending upon the number of data
points embraced in the individual segment. See fig. 2.

It will be clear that the numerical integration of an equation like Eq.
(5.2) between lower and upper limits which relate to levels lying entirely in
the free air will yield what we have termed "partial precipitable water" as
explained in the eighth paragraph of sec. 1. Thus, in cases having a total
number of data points N greater than four (4) in the range fram xg, to x,, we
shall calculate the "partial precipitable water" pertaining to segments in-
vblv;:ng three or four consecutive data points; and consequently it follows
that the \':precipita.ble water" W relating to the total range fram X, to x,
(such as from the surface to the 500-mb level) will be computed by summing up
the "partial \p“ecipitable water" contributions yielded by the various consec-

k\?\ which the entire range from x_ to x, is divided. This is

exemplified by the fk&_{.lowing relationship:

utive segments
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i a - c
W = C Pl =€ f(x)ax + C f(x)ax + C f(x)ax
xS XS Xa xb
o %
G- et g 0 flx)ax: # £ f(x)ax : (5.3)
) 1

where x_, X , X, Uty Xy oy Xp g represent limits in a sequence intermediate

to xS and xt.

In the material that follows we shall present formulas recommended for
use in the numerical integrations implied by Eq. (5.3) where, in general,
either three or four consecutive data points will be embraced between the
lower and upper limits of the integrals on the right-hand side of the equa-
tion. We shall also present mumerical-integration formulas for the rare case
‘in which there exist only two available data points in the total range from
Xy to x £ For the sake of brevity we will employ the following identification

symbols with reference to these formulas:
Teble 2

Identification Symbols Relating to Numerical Integration
Formulas Pertinent to the Cases of Two, Three and
Four Consecutive Data Points

Mumber of consecutive data points used in

the numerical integration between the Identification synmbols employed
lower and upper limits involved in referring to the formulas
2 F#2 (or Ff#2a, F#2b)
3 F#3

L Fih
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Detailed specifications are given later regarding formulas F#oa , F#oo,
F#3 and Fih.

Fig. 2 shows the method which we recammend for dividing the range from X
R - o xt into segments, depending upon the total number N of data points within
that range. The identification symbols of the numerical-integration formlas
pertinent to the segments embracing two, three or four consecutive data points
are indicated beneath the segments in terms of the notation introduced above:
F#2, F#3 and F#4, as appropriate. It will be noted that in cases where N is

5 or more, we recommend that first priority be given to F#4+ and second priority
to F#3; that is, a maximum number of segments involving four consecutive data
points should be taken, and the remaining segments should involve three consec-
utive data points, thus obviating the use of F#2 for cases where N is 5 or

more .

The following table indicates general and specific rules for the applica~

tion of formulas F#2, F#3 and F#4, based on dividing the range xg to x, into

segments as illustrated by fig. 2.



Integration formula (whether #2, #3, or #:) to be used in computing
W for the vertical air columm or its segments, depending on number
of data points in range from bottom to top of column.
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Table 3

Mumerical-Integration Formulas F#2, F#3 and Ff4 To Be Used for
Integration over the Vertical-Air-Column Range or Segments
Thereof Into Which It Is Divided, Depending upon the
Total Number N of Data Points in
Range from xS to xt

Value or | Values of N in

Criterion Examples Shown

of N Formula or Formulas To Be Used in Fig. &
N=2 Ffe N=2
N=3 F#3 N=3
N=1L P N=)4
N=5 Use F#3 twice in succession N=5

ot G e e e ms mm e em e Swm e s e ew  ems e e S e v e

. g 2 M Use F#4 n times in succession N=17, &10
N-1 i
- (n + 3 Use F#+ (n - 1) times in succession, thus N=B8, &11
covering the first 3(n - 1) + 1 points, and
use F#3 twice in succession to cover the
last five points in the range fram X to Xy
N~ 1 2
: g (n + 5) Use F#4 n times in succession, thus covering N = 6, 9, & 12

the first (3n + 1) points, and then use F#3
Just once to cover the last three points in
the range fran.xs to Xy

*n is any one of the integers.

Method of Integration Based on Two Data Points

In general, we desire to compute the precipitable water W pertinent to a
given vertical column of air whose base rests on the earth®s surface where the
independent variable is X and whose top exists in the free air at a level
for which the independent variab}e is denoted by xt. Now, suppose that one
has data points relating to the levels corresponding to the surface and top -
at independent variables X and Xt but ﬂp other available data points pertain-
_ing to intermediate levels.

|
|
}
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Since there are only two data points in this case it is impossible to de-
termine the form of the function y = f(x) for the range from X to Xys whether

linear or nonlinear.

In what follows we shall present simple procedures for obtaining the
result of the integration of f(x)dx between the limits X and X, on the basis
of either of two specified assumptions with regard to the form of the func-
tion f(x). It i5 recommended that these methods be employed exclusively in
the case where only the two data points for the levels at xs and xt are avail-

able, but no others for levels between them.

Method Based on Linear Form of f(x), Given Two Data Points

Iet us assume that within the range from Xy to x % the function under con-

sideration is represented by the linear relationship

Ca . =
s (xt -

S

vg)
L) - X ) (5.4)

When this is substituted in Eq. (5.2), it yields

G
W = T(Xt_ > xs)(ys + yt) denoted Ffla (5.5)

This corresponds to the so-called Trapezoidal Rule cited in many books on nu-

merical analysis (see, for example, Ref. 88).

-

For brevity we designate the formula given by Eq. (5.5) as Ffea.

The use of F#2a should be restricted to cases where (xt e xs) is rela-
tively small.

Method Based on Exponential Form of f(x), Given Two Data Points

When one restricts attention co situations where the vertical distance
between the limits X and Xy
that the vertical distributions of the integrands in Egs. (3.1), (3.2), (4.1)
and (4.2) may be closely approximated by exponential functions of the vertical

is not very great, climatological data suggest

coordinate- involved as the independent variable under the integral. Using
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this as justification, we shall assume for present purposes that within the

range fram Xy to Xy

y = v, & - %) (5.6)
and
TR e A (5.7)

where
e = base of matural logarithms;

b = constant, defined by Eq. (5.7), for given observational data relating to
Xy Xt’ Ty and Ve

From Eq. (5.7) we obtain

(Bny, - Lny,)
W = (5.8)

(x, - x)

When Eq. (5.8) is substituted in Eq. (5.6), and the latter is then sub-
stituted in Eq. (5.2), this yields, after a little reduction,

x, - x )y, - y.)
( )(G,C“.y:s- y’femy )ys denoted F#2b (5.9)
S

For brevity we shall designate the formula expressed by Eq. (5.9) as F#2b.
Collectively, we shall designate the pair F#2a and F#2b by the notation F#2.

W = C

Under conditions where the only available data points are (xs,ys),and
(xt,yt), with no others given between them, while the difference (xt - xs) is
not excessively large in absolute value, preference should be given to the

use of F#2b over the use of F#2a.

Method of Integration Based on Three Data Points

As may be seen fram fig. 2, there will be numerous cases where one wishes
to perform the numerical integration of f(x)dx over a range for which there
will be three consecutive data points. For the sake of simplicity we shall
designate these points by means of the notation: (xo,yo), (xl,yl) and (xg,ye),
where the first refers to the lowermost and the last refers to the uppermost
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on the basis of geopotential.

We assume that f(x) in the range from X to X5 is represented by a poly-
nomial of the form

(x - Xl)(x - XE)
y = £lx) = (x, = x)M(x, = x,) %o
(x - XO)(X - xg)
. (xl - xo) (Xl - XE) Y1
(x - x)x - xl)
" (x2 - xz)(x2 - xlj’yg (5.10)

It is readily verified that the curve represented by Eq. (5.10) auto-
matically passes through the three specified consecutive data points. Appli-
cation of this relationship is tantamount to the use of lagrange's formula of

interpolation (see Ref. 88).
]

Now, by expanding the right-hand side of Eq. (5.10) and collecting the
terms which relate to the common powers of x, respectively, we may re-write
that equation in the form of a quadratic:

y = f(x) = ng + Kkx + L (5.11)

where J, K and L are functions of the coordinates of the three consecutive data
points (xo,yo), (xl,yl), (x2,y2). We do not take the trouble to write the
expressions for J, K and L here because they are easily derived by expansion
of Eq. (5.10), after which it is equated to Eq. (5.11).

Next we substitute Eq. (5.11) in Eq. (5.2) where, this time, we make use
of the expressions for J, K and L. Concurrently, we replace the lower limit
X in the integral by X and the upper limit Xy by X5 because in the special
case under consideration the lowest data point (xo,yo) may be regarded as a
substitution for lower limiting data point (xs,ys) of the original integral,
while the highest data point (x2 ,yg) may be regarded as a substitution for

the upper limiting data point (x ) of the original integral.

£2Y¢

On performing the integration we obtain the solution in the following
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form, valid only in the case of three data points:

W= A{’(x2)3 - (XO)F} 5 B{(Xg)e’ - (XO)Q}

+ Dﬁx2 - Xo)} denoted as F#3 (5.212)

where the values of the coordinates of the three consecutive data points
(x,7,)s (xl,yl), and (x2,y2) govern the coefficients A, B and D of the fore-
going relationship, as indicated by the following three equations.

letting C = the appropriate coefficient of the integrals in Egs. (3.1),
(3.2), (4.1) and (4.2), depending upon which one is being evaluated, we define
the coefficients A, B and D in Eq. (5.12) by means of the relationships

[ y

A = C 0
3| = )&, - xp)
Y1
T )
y2 ’
H CRIP] S xl)] (5.13)
B = Cr yo(xl * x2)
- 2L(xo - xl)(x0 " xg)

Py - x )&, - x)) (5.14)



¥, (xqx,)
ReF 1o (Xo - Xl)(xo - XE)
yp(x %)
¥ (e = =)=y - xp)
yp(x %)
* (XE - xo)(x2 - xl) (5.15)

After Egs. (5.13), (5.14) and (5.15) are substituted in Eq. (5.12), it
may be used to compute the precipitable water W or "partial precipitable water"
in connection with vertical air columns for which three consecutive data
points are taken (see , for example, the middle diagram in fig. 1 and the seg-
ments in fig. 2 with an underlying label F#3).

Method of Integration Based on Four Data Points

Numerical integration of f(x)ax over a range covering four consecutive
data points will be required according to the scheme outlined in fig. 2 (see
the segments with the underlying label F#:). Consistent with the bottom dia-
gram in fig. 1, we shall denote these four available points by the notation:
(xo,yo), (xl,yl), (xg,yz), (x3,y3), where the value of the independent vari-

able x increases from left to right.

We assume that f(x) in the range from x_ to x, is represented by a poly-

3
nomial having the form
(x - Xl>(X - xz)(x - x3)
y = f£(x) = (% 7= R X (X, - x3) Ty
o ol ot = ol S Bp WX s Badio
(%y. = x Nz, - x,)(x; - x3) 1
. (x - x )& - x)x - x3) )
(x2 - XO)(X2 o xl)(x2 - x3) 5
(x - x )x - x)x - x
" = - - (5.16)

(Xs b XO)(X3 o xl)(XB = XB) J3



The function expressed by Eq. (5.16) is so designed that the curve which
it represents will automatically pass through the four specified consecutive
data points. It exemplifies Iagrange’s formula of interpolation for this con-
dition. (See Ref. 88.)

When we expand the right-hand side of Eq. (5.16) and collect the terms
which relate to the common powers of x, respectively, we find that we may re-

write that equation in the form of - a cubic equation:
3 2
¥ Lwi Bl)oos Qo4 @R o U o oe( K (5.17)

where Q, S, U and V are functions of the coordinates of the four consecutive
data points (xo,yo), (xl,yl), (Xe’yg) and (x3,y3). Expressions for Q, S, U
and V will not be written here because one can easily derive them by expansion
of Eq. (5.16). |

On substituting Eq. (5.17) in Eq. (5.2) and making use of the expressions
for Q, S, U and V, we may perform the indicated integration and thus obtain
the following relationship pertinent only for the case of four consecutive

data points:

L E{(xa)h - (xo)? g F{(X3)3 - (Xo)3}

& G{(x3)2 _ (xo)g} o M{(x3) w (xo# denoted by F# (5.18)

where the coefficients E, F, G and M depend upon the values of the coordinates
of the four consecutive data points (x_,y,), (xl,yl), (xe,ye), (x3,y3), as in-
dicated by the four equations which follow. The quantity C in these expres-
sions represents the appropriate coefficient in Egs. (3.1), (3.2), (4.1) and
(4.2), depending upon which of them is being applied. In addition, we have
replaced the lower limit X in these integrals by X and the qpper limit x

t
by x3 for obvious reasons.
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(xo - xl)(xo - xz)(xo - x3)
Y1
* Txl - xo)(xl - xz)(xl - x3)
I
B CEEREIN | O G x3)
73
"
(x3 - xo)(x3 - xl)(x3 - xa)
Cr yo(xl + X, o+ x3)
3L T - x)xg - x)(x, -~ x3)
yl(xo X o+ xg)
M CERE [ CHEEE N [ CNRE )
yz(xo + X, + x3)
¥ sz - xo)(x2 - xl)(x2 - x3)
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s 7 (x )
T Txo - xl)(xo - xe)(x0 - x3)
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. %Z(xox;xi’x)

(x2 - xo) Xy 1 xl)(x2 - x3)

y3(xoxlx2) ]
Ty - x g - x g - %) | (5.22)

When Egs. (5.19), (5.20), (5.21) and (5.22) are substituted in Eq. (5.18),
it may be applied to calculate the precipitable water W or the "partial pre-
cipitable water" pertinent to vertical air columns for which four consecutive
data points are used (see, for example, the lowest diagram in fig. 1 and the
segments in fig. 2 having an underlying label Ffi).
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6. SUMMARY OF INTEGRATTION PROCEDURES DEPENDING UPON TOTAL
NUMBER OF CONSECUTIVE DATA POINTS AVAIIABIE

Now let N denote the total number of data points available in the range
from the surface to the top of the vertical column of atmospheric air whose
precipitable water W is to be calculated. One should use all existing signif-
icant levels and mandatory, constant-pressure levels within that range in order
to make N a maximum. The lowest level relates to the surface, and the inde-
pendent variable (either geopotential H or pressure P) pertinent to the lowest
level is desigmated by x_ in genmeral; whereas the highest level (top) of the
vertical column of air under consideration (for example, the 500-mb level) has

its independent variable designated by x, in general. Thus, N represents the

t
actual number of data points available for the calculations in the range from

Xy to x £ including these limits.

The theoretically derived expressions for precipitable water W are given
by Egs. (3.1), (3.2),(4.1) and (l&.é), depending upon whether H or P is to be
taken as the independent variable, and whether the acceleration of gravity g
is to be treated as a variable of the problem or is to be regarded as a con-

stant (in particular having the mean value 9.8 m/seca).

In order to generalize the relationships we have transformed Egs. (3.1),
(3.2), (4.1) and (4.2) to the universal form of integral expression shown in
Eq. (5.2), where f(x) denotes the integrand of the former equations, depending
upon which one is being applied, and x denotes the independent variable (either
H or P). Symbol C is employed to represent the coefficient of Eq. (3.1),
(3.2), (4.1) or (4.2), depending upon which one is being used.

The following procedures are recommended with regard to the fitting of
curves to the available data points and 'the actual method of integration of the
relevant formulas:

(1) Case where N = 2

When N = 2, that is, when the only available data points are (x_,y ) and
(xt,yt) relating to the surface and top, respectively, of the vertieal column
of air whose precipitable water W is being camputed, one should calculate W by
means of either Eq. (5.5), denoted Ff2a, or Eq. (5.9), denoted F#2b. The former



38

(F#2a), being based upon linear interpolation, should be employed only if the
difference between the limits of the integral (x g xS) is relatively small;

while the latter (F#’Bb), being based on an exponential function, is considered
preferable for use when (xt - xs) cannot be regarded as relatively small. We

suggest tentatively that 200 gpm, or the equivalent in pressure units, be
taken as the upper limit of relatively small in this context.

(2) Case where N D> 2

Curve fitting by means of Lagrangian interpolation is the basis of this
method. When N is greater than two (2), it is recammended that the range from
X to Xy be divided into segments, if necessary, in order that the segments
encompass either three or four consecutive data points in accordance with the
scheme illustrated in fig. 2 and specified in table 3. Then Eg. (5.12), de-
noted F#3, should be employed for the numerical integration relating to any
vertical column or segment thereof characterized by three consecutive data
points. Similarly Eq. (5.18), denoted by F#4, should be used for the numerical
integration pertaining to any vertical column or segment thereof involving just
four consecutive data points. When the vertical air column is divided into
segments as depicted in fig. 2 for cases where N > L , then the precipitable
water W relating to the entire vertical air column will be obtained by adding
the separate contributions of "partial precipitable water" from the various
segments into which the vertical air column as a whole was divided. Justifi-
cation for this process is indicated by Eq. (5.3).
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7. CONCLUSIONS

(1) When computing precipitable water W, one must evaluate an integral
by a suitable numerical procedure. Under the integral sign there is a quantity,
the integrand, such as empirically-—determined specific humidity or absolute
humidity, which generally varies non-linearly with respect to the variable of
integration (such as pressure Qr height). Under many conditions, the empirical
guantity is ascertained for une?;ua.l spacings of the variable of integration.
The foregoing facts justify the use of the lagrangian formula as exemplified by
Egs. (5.10) and (5.16) to facilitate the mmerical integration. Explicit ex-
pressions for the coefficients required when using this formula in numerical .
integration can be specified as shown for the cases where either three or four
consecutive data points are given. See the groups of relationships: Egs.
(5.10) - (5.15) and (5.16) - (5.22)

(2) In terms of the notation introduced in the second section of this
paper, several different combinations of quantities may be involved in the in-
tegration as shown by the following table: '

Case No, Inteprand Variable of Integration
1 e/gT H
2 e/T H
3 e/g(P ~ 0.37802e) P
L e/(P - 0.37802e) P

Case Nos. 2 and 4 entail the assumption that the acceleration of gravity g is
constant. Although it is conventional to take 9.8 m/sec2 as the assumed con-
stant value of g, it is possible by the method indicated in the paper to de-
termine a more precise mean value for each region covering a delimited area
bounded by specified circles of latitude. PrOcec;ures given for taking account
of variable g are feasible to use with high-speed electronic computers.

(3) The fact is often overlooked that, when radiosonde observations are
employed as the basis of precipitable water calculations, the results refer,
strictly speaking, to a sloping filament following the trajectary of the in-
strument during the sounding, rather than a vertical column as assumed in the
definition of W.

Ry e s R
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ANNEX 1

THEORY UNDERLYING FORMUILAS FOR COMPUTING
PRECIPITABIE WATER

Consider a sample of atmospheric air in the form of a cylindrical vertical
column whose horizontal base rests on the earth®s surface and whose top occurs
at some préscribed level in the free air, such as the 500-mb level. For the
sake of simplicity we shall assume that the atmospheric air contains water
vapor but no condensed phases of water, either liquid or solid. We also dis-
regard the presence of aerosols. To facilitate visualization of the problem,
one may think that the horizontal cross-section area A, of the vertical column
has a convenient, specific value; for example, AC = me.

]iﬂ;,% = the absolute humidity - that is, the mass bf water vapor per unit
volume of moist air at geometric height Z above sea level within the air
column. We assume that the concentration of vapor content within the air col-
umn is horizontally homogeneous; so that its vertical distribution may be cone—
sidered to be represented by a single-valued function of geopotential H or

pressure P. In this approach time is taken constant.

Now, let us take a horizontal slice of infinitesimal thickness dZ through
the vertical column of air such that the lower boundary of the slice is at
geometric altitude (2 - dZ/2) and its upper boundary at geometric altitude
(Z + dZ/é). let dm = the mass of water vapor contained within this slice in-
side the cylindrical wall of the vertical column; then

dm = ,E?ﬂkc°dz s (A1)

Now, suppose that all of the water vapor of mass dm within the afore-
mentioned slice of the air column was condensed into liquid water and that the
entire mass dm was precipitated on the horizontal base of the air column where

it was retained by vertical walls.

Let @ = the density of the liquid water precipitated on the base of the
vertical column and let dW = the thickness of the layer of water of mass dm
and density'fa thus deposited. Tnen dW will be given by the relation
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dm = PW-Ac-dw (A2)

On equating the last two expressions and solving for dW, one obtains

L
Fe

provided thiat consistent units are employed; e.g., ﬁ and ﬁ in grams /m3 , and
Z and W in meters.

aw =

az (A3)

Now let H = geopotential, in geopotential meters (gpm), corresponding to
the geometric height Z and latitude ¢ at the point in the free air at which
the mass dm of water vapor exists within the slice. The relationship between

differentials of Z and H is

&z = (zo)dH - (aL)

considering that, by definition, 1 gpm = 9.8 mg/sec2

where
g = acceleration of gravity (in m/secg);

dimensional constant = 9.8 m2/sec2°gpm;

g =

o .

7 = geametric height with reference to sea level (in meters);
H = geopotential (in gpm).

»

Iet Hs = the geopotential at the earth's surface where the base of the
vertical air column rests, and let Ht = the geopotential atl_the top of the .
vertical air column whose precipitable water is being computed. Then, on sub-
stituting Eq. (A4) in Eq. (A3) and integrating the resulting expression between
the limits of H_ and H, , we obtain the precipitable water (in meters depth)

W= (;’O)j‘@dﬂ (a5)

In deriving this equation we assume that the density of the liquid water precip-

itated is a constant.
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We may make the assumption that at ordinary rainwater temperatures the

density of the water will be represented by
fg = lo6 grams /m3 . (A6)

Now, if we further assume that the water vapor in the moist air mixture

obeys Dalton?s law of partlal pressures and the ideal-gas law, we may write

[32]
. MV &
ﬁ =3 [ (A7)
where
M_ = the gram molecular weight of water vapor = 18.01534 grams /mole ;
R* = universal gas constant = 8.31432 x lO"2 mb 'm3 /mole « °K;
e = partial pressure of water vapor in the moist air mixture (millibars);
T = absolute thermodynamic temperature (°K).

The substitution of Eq. (A7) in Eq. (A5) yields

PR*)[ (gT aH in meters (A8)

Since we wish the precipitable water to be expressed in units of hun-

dredths of an inch (0.0l in.), we must use the conversion factor

”
10 (0.0l in.
?_%.BIL anL = 1. (A9)

On introducing Egs. (A6) and (A9) into the right-hand side of Eq. (A8)
and substituting the known values of the constants 8> M, and R¥, Eq. (A8) may

be written in the form
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= S 8.36( IgK (0.0L inch) (

sec -mb -gpm X

Zr ) dH (A10)

H
s

where the vapor pressure e must be expressed in millibars (mb), the absolute

‘o . : : 2
temperature T in degrees Kelvin ( K), the acceleration of gravity g in m/sec,

and the geopotentials H, HS and Ht in gpm. Under these conditions the co-
efficient of Eq. (Al0) and the identical Eq. (3.l) has dimensions such that
the value of the precipitable water W will come out in units of hundredths of
an inch (0.0l in.).

Now, suppose that with reference to Egs. (A8) and (A1l0), we make the as—

sumption that the acceleration of gravity g is a specific constant, namely,
2
g = 9.8m/sec” . (A11)
When Eq. (All) is substituted in Eq. (A1l0), it becomes

,Ht

Wi o.853<ﬁ;mf)(o.01 inch) (—%)dﬂ (A12)

H
s

where, as in the case of Eq. (AlO), the vapor pressure e must be expressed in

millibars (mb), the absolute temperature T in degrees Kelvin (°K), and the geo-

potentials H, H and Ht in gpm. Like the parallel case treated previously,
that is Eqs. (ALO) and (3.1), the coefficient of Eq. (A12) and the identical
Eq.(3.2) has dimensions such that the value of the precipitable water W will

be expressed in units of hundredths of an inch (0.0l in.).

Now we wish to consider the problem of computing W when the pressure P is
employed as the independent variable instead of the geopotential H. To this
end we first write the hydrostatic equation in differential form pertinent to

the horizontal slice of thickness dZz:
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dP = - PgdZ (A13)

where

dP = difference of pressure between bottom and top of slice;

’O

When Eq. (Ak) is substituted in Eq. (Al3), it yields

Il

the density of the moist air mixture.

i = - Pdg (A1k)
(6}

By substituting Eq. (Al4) in Eq. (A5) and transforming the lower and upper
limits of the integral (Hs and Ht) to the corresponding pressure parameters
(PS and Pt)’ we obtain

£
W s (fl’_w) (g};)dP (in units of 2) (A15)
PS

where

PS = the barometric pressure at the earth®s surface at the base of the vertical
column of atmospheric air whose precipitable water W is being computed;

P

t the barometric pressure at the top of the above-mentioned vertical column.

Iet q = specific humidity (in grams of water vapor per gram of moist air).

On the basis of the definition of specific humidity we may write

r) (M /M e
r) P [1-()]e

(A16)

where

M.V = gram-molecular weight of water vapor;

apparent gram-molecular weight of clean, dry, atmospheric air.

mz
I

Since M_ = 18.01534 grams/mole, and M, = 28.9645 grams/mole [32], we find
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(M /M) = 0.62198, and Fa. (Mv/Ma)] = 0.37802, the values of which may now be
introduced in Eq. (Al6).

On this basis the substitution of Eq. (Al6) in Eq. (Al5) gives
Ft

U

where, again, W is expressed in the same unit as Z, namely, the meter.

~ B 0.62198 e .
W= - < ) 2(P = 0.378028) & (A17)

&

Since the ratio (e/P) is dimensionless, one may deduce from Eq. (A1l7) that
the dimensions of P must be determined by the following identity, in order to

maintain dimensional homogeneity:

) (Dimensions of P)
(Dimensions of ﬁ) x (Dimensions of g)

(Dimension of W)

Thus, when W is in meters, /‘? in gra.ms/m3, and g in m/secz, one finds that the

corresponding dimensions of P in Eq. (AL1T7) 'wo‘uld be obtainable by means of the

relationship
(Dimensions of P) = —%’—a‘ﬂé— = unit of P (A18)
m esec involved in

Eq. (ALl7)

The foregoing relationship indicates that P in Eq.(Al7) is expressed in
terms of an unusual unit. Instead, we should like it to be expressed in terms
of the millibar because that is the conventional pressure unit used in radio-

sonde work.

To do this we note that, by definition,

i

1 wb 1,000 dynes /cm2

1 gram'an/sec2 )

where 1 dyne
Thus, on combining these relationships, we find
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lmp = 1004028 _ 08 —g———rag'cme) - 107 Lgm'mg) (A19)
cm sec °cm m °sec

Therefore, we deduce from the last two equations that

(4P) in units of ( = 10° x (dP) in mb units (A20)
Fegact

or we can express the foregoing relationships in the form of a conversion factor:

- fErem m m)
m esec
b

=. 1 s (A21)

Now we wish to transform Eq. (Al7) so that it will have a more directly
usable character. To do this one may take three appropriate steps: (a) sub-
stitute in the equation the value of the liquid water densrcyF indicated by
Eq. (A6); (b) introduce in the right-hand side of the equation the conversion
factor shown in Eq. (A9) for the purpose of converting W from units of Z (meters)
to units of hundredths of an inch; and (c) also introduce the conversion factor
contained in Eq. (A21) with a view to converting pressures to millibars from
the awkward unit indicated on the left~hand side of Eq. (A20). On this basis
we may rewrite Eq. (Al7) in the form

— _— e 3
W = ol 9 Sec .mb)(o .01 inch) 2P = 0_37802671113 (A22)

where the precipitable water W is now expressed in hundredths of an inch

(0.01 in.), g is in m[secz, and all pressure parameters (e, P, P and P ) are
in millibars (mb). This is the basis of Eq. (L.l).

N

Finally, in case we wish to make the assumption that the acceleration of
gravity g is a speclflc constant having the value stipulated by Eq. (A]J_), we
may substitute that expression in Eq. (A22) which then becomes

SN |

{
\

i
g
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W = - 2&.99(—;;5) (0.01 inch) P = ‘5.3780%) aP (A23)

P

s
where the value of W is given in units of 0.0l inch, while the values of the
pressure parameters (e, £ Ps 5 Pt) are still in millibars. This is the origin
of Eq. (4.2). ‘

The following points should be noted: (A) both Egs. (Al2) and (A23) are
approximations owing to the assumption underlying Eq. (A11) which was used in
deriving those relationships; (B) all of the final expressions for W require
the employment of variables and parameters in terms of certain specified units
in order to satisfy the demands of dimensional homogeneity. The latter, (B),
implies that when the value of any parameter or variable is substituted in Eags.
(3.1), (3.2), (4.1), (4.2) or the equivalent Egs. (Al0), (Al2), (A22), (A23),

the precise units of the parameter or variable should be included.

Two further remarks in the nature of reminders will be germane: None of
the specified equations include any effects due to the possible presence of
aerosols, and liquid water or solid water in suspension; and the extremely
slight effect of the divergence of the vertical lines above the earth®s sur-

face has been neglected.
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ANNEX 2

OUTLINE OF METHOD OF DETERMINING THE ACCEIERATION OF
GRAVITY g AS A FUNCTION OF IATITUDE AND GEOPOTENTIAL
It will be noted that the acceleration of gravity g is treated as a var-
iable of the problem in Egs. (3.1) and (4.1), or the equivalent Eqs. (A10) and
(A22).

In connection with Egs. (3.1) and (Al0) the latitude § is a constant pa-
rameter of the problem while H, the geopotential, is taken as the independent
variable. Therefore, in evaluating those equations numerically one needs rela-
tionships which would permit the value of g to be expressed as a function of
¢ and H. To this end we will indicate the pertinent relationships in accordance

with the specifications given in the Smithsonian Meteorological Tables [h?].

Let

acceleration of gravity, in m/secg;

I

geometric altitude (height above sea level), in meters;

o N @
1l

geopotential, in gpm (see Ref. 47, page 217);
latitude of the station;

4

g¢ = the acceleration of gravity at sea level at the latitude of the station,

in m/sec2 .

According to the information given on pages 490-L9L of Ref. 47, one may
write for the theoretical value of the acceleration of gravity at sea level at
the latitude of the station

By = 9.80616(1 ~ 0.0026373 cos 2¢ + 0.0000059 cos® 2¢) in m/sec2 (B1)

The acceleration of gravity g at a point in the free air characterized by
geometric altitude Z and latitude ¢ differs from g4 the theoretical value of
the acceleration of gravity at mean sea level at the latitude of the station,
by certain correction terms which vary with both Z and @. Therefore, we may
represent g by combining g¢ with the correction terms as indicated below (see

Ref. 47, page 490):



59

g = 9.80616(1 - 0.0026373 cos 2¢ + 0.0000059 cos2 24)
-~ (3.085462 x 10"6 + B2 % 1077 cos 24)Z
% (rE5h x lO"l3 +1.0x ZLO-':L5 cos 2¢)Z2

in m/secg, when Z is in meters. (B2)

Conbination of the last two terms in this expression represents the cor-
rection mentioned in the previous paragraph. An additional term is given in
Ref. 47, page 490, but it is considered likely that two terms will suffice for

present .purposes.

The geometric altitude Z is itself a function of the latitude ¢ and the
geopotential H, as indicated by the following expression:

LlH

S k5]
where L, and K, are functions of the latitude @ tabulated in table 4. The
same functions are also tabulated on page 219 of Ref. 47, in terms of different
symbols. An outline of a proof of Eq. (B3) will be found on pages 217-218 of
Ref. L47.

It follows from the information given in the foregoing that one may sub-
stitute Eq. (B3) in Eq. (B2) and thus obtain an expression which represents g

as a function of ¢ and H.

Analytical expressions for L., and Kl are presented below. According to

. L
Eq. (6) on page 218 of Ref. 47, the function L, may be written
2g¢ )
L = i < 2 ) (B4)
BRI gl gpeoivs”

where g4 is represented analytically by Eq. (BL) and the term in the denomina-
tor of Eq. (B4) is determined by the relationship

Y % = (3.085462 x 1070 . 2.27 x 10~ cos o4
27 7 =0

8% 1 eod Lg) in sy (B5)
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The function Ki is defined by

oL
K = <;§g]§%> in gpm (B6)

where 84 is given by Eq. (Bl) and L, is represented by Eq. (BL).

Examination of the foregoing reveals that the system of Eqs. (Bl) - (B6)

permits one to express g as a function of ¢ and H; that is, in symbolic form

g = f‘“i[H,¢] . | (B7)

Such a function may then be substituted in Eq. (3.1) or its counterpart Eq.

(AlO) as an expression for g, when it is treated as a variable of the problem.

However, in the case relating to Eds. (L4.1) and (A22), one must deal with

pressure P as the independent variable. For this case the geopotential H is

considered as a function of P:

R &0 (B8)

where the dependence of H on P is determined from the tabulated data relating
to the significant levels and the standard isobaric surfaces. That is, the
geopotentials for these various levels are computed on the basis of the known

pressures pertaining to the levels together with other data such s tempera-—
tures and dew-point values.

Substitution of Eq. (B8) in Eq. (B7) yields

g = Fi[f(P),¢] (39)

so that g could be expressed as a function of P and d.
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Table Giving the Parameters Iq and Kj

as Functions of the Iatitude
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lati~ lati- Iati-

tude Ll Ki tude 1 Kl tude {2 Kl

m gpm m gpm 1 gpm
0° 6334984 6322289 30° 6345653 6341274 60° 6367103 6379519
1 6334995 6322306 31 6346305 6342440 61 6367738 6380658
2 6335035 6322378 32 6346967 6343616 62 6368371 6381783
3 6335099 6322492 33 6347647 6344829 63 6368983 6382880
i 6335191 6322654 34 6348337 6346058 64 6369582 6383945
5 6335306 6322863 35 6349033 6347300 65 6370171 6385001
6 6335449 632311k 36 6349736 6348549 66 6370732 6386003
T 6335616 6323407 37 6350456 6349834 67 6371280 6386979
8 6335806 6323745 38 6351177 6351120 68 6371810 6387931
9 6336030 6324144 39 6351907, 6352422 69 6372324 6388847
10 6336267 6324570 I¥o) 6352638 6353718 70 6372821 638973k
4L 6336536 6325048 L1 6353376 6355034 71 6373294 6390578
12 6336824 6325557 L2 6354120 6356363 T2 6373743 6391379
13 6337140 6326120 43 6354868 6357696 T3 6374175 6392150
1 6337480 6326725 LY 6355612 6359025 T 6374584 6392879
15 6337838 6327368 L5 6356360 6360358 75 6374972  63935TH
16 6338219 6328046 46 6357108 6361685 T6 6375340 6394230
bl 4 6338626 6328769 b7 6357852 6363015 T 6375680 6394839
18 6339058 6329537 48 6358601 6364349 T8 6375997 6395406
19 6339506 6330333 L9 6359345 6365679 79 6376293 6395938
20 6339971 6331158 50 6360083 6366996 80 6376562 6396412
21 6340461 6332028 51 6360820 6368313 8L 6376806 6396855
22 6340973 6332945 52 6361552 6369612 82 6377025 6397240
B 6341496 633387h 53 6362273 6370900 83 6377222 6397597
24 6342043 6334845 5k 6362993 6372188 84 6377389 6397892
25 6342603 6335848 55 6363697 6373446 85 6377532 6398151
26 6343184 6336879 56 6364401 6374699 86 6377654 6398369
27 6343782 6337946 57 6365092 6375932 87 6377746 6398531
28 6344393 6339032 58 6365772 6377148 88 6377811 6398647
29 6345018 6340145 59 6366435 6378328 89 6377845 6398707
90 6377862 6398737
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